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Abstract
LetD = (V,E) andH = (U, F ) be digraphs and consider a colouring of the arcs ofD
with the vertices of H ; we say that D is H coloured. We study a natural generalisation
of the notion of kernel, as introduced by V. Neumann and Morgenstern (1944), to
prove that If every cycle of D is an H-cycle, then D has an H-kernel by walks . As a
consequence of this, we are able to give several sufficient condition for the existence of
H-kernels by walk; in particular, we solve partially a conjecture by Bai et al. in this
context [2] .
1 Introduction
Let D = (V,E) and H = (U, F ) be digraphs; D would be assumed not to have
loops, however, H may have them. We say that D is H-coloured whenever we have
a function ς :E → U ; that is, we coulour the arcs of D with the vertices of H . Given
such a colouring, a walk W = z0 . . . zk in D is said to be an H-walk if the sequence of
colours of such a walk form a walk in H ; that is, ς(z0z1)ς(z1z2) . . . ς(zk−1zk) is a walk
in H . Analogously, we define H-trail, H-path and H-cycle — unless otherwise said,
every cycle considered in the sequel is a directed cycle.
Given a digraph D = (V,E), H-coloured, a subset of its vertices K ⊆ V is said to
be H-independent (by walks) if there are no H-walks between any two of its elements.
K is said to be H-absorbent (by walks) if for every other vertex v ∈ V \K there is an
H-walk from it to an element of K. If K is both, H-independent and H-absorbent, we
say that it is an H-kernel of D.
The classical concept of kernel in digraphs was introduced by John Von Neumann
and Oskar Morgensten in the context of game theory [8] where a kernel was originally
named “a solution”; they were searching for mathematical principles applied to “deci-
sion making”. Later on, Vassek Sva´tal proved in [11] that to decide the existence of a
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kernel is NP-complete; even in very spacial cases (e.g. planar with restricted degrees),
as proved by A.S. Fraenkel, the problem remains NP-complete [4]. One of the deepest
results in the area is the celebrated theorem of Richardson [9] which claims that every
digraph without odd directed cycles has a kernel. There has been several generalisa-
tion and variations of Richardson’s theorem (e.g., see [5] and the references therein)
one of which is very important due to its applications, namely the theorem of Pierre
Duchet [3]:
• If every directed cycle has a symmetric arc, then the digraph has a kernel.
The concept of kernel by monochromatic paths —where H consists of loops only—
was introduced by Sans, Sawer and Woodrow in [10]; since then several research has
been done searching for sufficient conditions, typically in the colouring, for such a
kernel to exists. Classes of much study are tournaments, bipartite, cuasi-transitive, to
mention just a few...
Later on, Sans, in a join work with Linek [7], consider colouring the edges of a
tournament with the elements of a partial order, and introduced the concept of monote
paths, and the corresponding generalisation of kernel. In the same paper, they start
the study of H-colourings replacing the partial order by a digraph. Linek continue
this study, in a join work with Arpin [1], and introduced implicitly the notion of
panchromatic patern [6] — it remains as an interesting open problem to characterize
such patterns.
The H-closure of D, CH(D) = (V (D), A), is the digraph which consists of the same
vertices than D and there is an arc uv ∈ A iff there is an H-walk from u to v. It is
well known that:
• D has an H-kernel if and only if CH(D) has a kernel.
Let D = (V,E1 ⊔E2) be a digraph endowed with a partition of its edges. S ⊆ V is
an H-semikernel mod E1 if S is H-independent and for every z ∈ V \S, if there exists
an Sz H-walk, with its edges are contained in E2, then there exists a zS H-walk.
Given another digraph G, we say that D is G-rainbow free if D does not contains a
sub digraph isomorphic to G with all its edges receiving different colours. In particular,
we will deal with {C3, P3}-rainbow free digraphs; that is, they do not contain a copy
of the directed cycle C3, of order 3, nor a copy of the path P3, of length 3, with its 3
edges of different colour.
The main contribution of this paper is:
• If every cycle of D is an H-cycle, then D has an H-kernel by walks.
This solves partially a conjecture by Bai et al. [2] working with walks instead of
paths — their H consists of the complete loop-less digraph. In particular, if H consist
of only two vertices, joined with the two possible edges, it is the same to work with
walks than to work with paths. More generally, whenever the existence of and H-walk
implies the existence of an H-path, our result solves their conjecture.
2 Main Lemma
Lemma. Let D be an H-coloured digraph. If every (directed) cycle in D is an H
cycle, then every cycle in CH(D) has a symmetric arc.
Proof. Let us suppose that, for the contrary, there is a directed cycle γ =
2
(v0v1 . . . vn−1) in CH(D) without symmetric arcs; further more, suppose such a cycle
is of minimum length. Let Ci = c
i
1c
i
2 . . . c
i
ni
and Ci+1 = c
i+1
1 c
i+1
2 . . . c
i+1
ni+1
be H-walks
in D of minimum length which witness the existence of the arrows vivi+1 and vi+1vi+2
in γ; that is, ci1 = vi, c
i
ni
= vi+1 = c
i+1
1 and c
i+1
ni+1
= vi+2 —here and in the sequel, the
indices in γ are taken mod n.
Claim 1. For all i = 0, 1, . . . , n−1, the walks Ci and Ci+1 do intersect only in vi+1;
i.e., Ci ∩Ci+1 = {vi+1}.
For the contrary, let v = cij = c
i+1
k be the first vertex in Ci+1 which belongs to Ci
too. Observe that (vcij+1c
i
j+2 . . . vi+1c
i+1
2 c
i+1
3 . . . c
i+1
k ) is a closed directed walk in D
which must contain a directed cycle γi+1 which passes through vi+1. Since every cycle
of D is an H-cycle, γi+1 is. By the minimality of Ci (analogously Ci+1), there is a
unique arc ci1c
i
2 from vi in Ci and a unique arc c
i
ni−1
cini to vi+1 in the same walk; thus,
the last arc of Ci and the first of Ci+1 belong to γi+1 and form an H-walk. Therefore
the concatenation of Ci and Ci+1 is an H-walk in D. By the minimality of γ, the cycle
(v0v1 . . . vivi+2 . . . vn−1) in CH(D) must contain a symmetric arrow, and this has to be
vi+2vi; let C
′
i+2 be an H-walk minimal witness of such an arrow. A similar argument
shows that the concatenation of Ci+1 and C
′
i+2 is an H-walk from vi+1 to vi which
contradicts that vivi+1 was asymmetric. This proves the claim. ◦
Claim 2. For all i 6= j, if j 6= i± 1, then the walks Ci and Cj are non-intesecting.
For the contrary, let E := {Ci | ∃j 6= i : Ci ∩ Cj 6= ∅} and suppose it is not empty.
Let f : E → IN be defines as
f(Ci) = min{j 6= i | Ci ∩ Cj 6= ∅}.
Observe that, by the previous claim, for all Ci ∈ E it follows that |i− f(Ci)| ≥ 2.
Let Ci be such that k := |i − f(Ci)| is as small as possible; w.l.o.g., we may
suppose that f(Ci) = i + k. Let W := {vi, vi+1, . . . , vi+k} denote those vertices in
γ corresponding to the H-walks W ′ := {Ci, Ci+1, . . . , Ci+k}. Observe that the only
walks in W ′ that intersect are Ci and Ci+k.
Let v = cir = c
i+k
s ∈ Ci ∩ Ci+k, and consider the following closed walk:
W ′′ := (circ
i
r+1 . . . vi+1c
i+1
1 . . . vi+2 . . . vi+kc
i+k
1 . . . c
i+k
s ).
Observe that the closed walkD contains a directed cycle γi+1 which contains the vertex
vi+1. Since each Cℓ is minimal in length, the last arc of Ci and the first arc of Ci+1
must be present in γi+1. Since every cycle is an H-cycle, those two arcs form an H-
path. Therefore, the concatenation of Ci with Ci+1 is an H-walk from vi to vi+2, and
the pair vivi+2 is an arc of CH(D). Let
γ′ = (v0v1 . . . vivi+2 . . . vn−1)
be a cycle in CH(D). Since γ
′ is smaller than γ, it cannot be asymmetric, and the
only arc which can be symmetric is vivi+2. Let Ct be a minimal H-walk representing
the arc vi+2vi. Consider now the closed walk CiCi+1Ct. Such a walk contains a cycle
going through vi+2, which by hypothesis is an H-cycle, and the minimality of Ci+1
and Ct implies that the last arc of Ci+1 and the first of Ct is and H-path. This implies
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that there is an H-walk from vi+1 to vi contradicting the fact that the arc vivi+1 was
asymmetric in CH(D). This proves the claim. ◦
Putting together both claims, we can observe that the closed walk
γˆ = (C0C1 . . . Cn−1)
contains cycles going through each vi which uses the last arc of Ci−1 and the first
arc of Ci implying that γˆ is an closed H-walk. Therefore, the vertices v0v1 . . . vn−1
induces a complete digraph in CH(D); in particular, the cycle γ contains a symmetric
arc, contradicting the original hypothesis and concluding the proof of the lemma. •
3 Applications.
Theorem 1. If D is an H-coloured digraph such that every (directed) cycle is an
H-cycle, then D has an H-kernel by walks.
Proof. Let CH(D) be the H-closure of D. Since D has an H-kernel by walks if
and only if CH(D) has a kernel, it is enough to prove that CH(D) has a kernel. Due
to the Berge-Douchet theorem, it is enough to prove that every cycle in CH(D) has a
symmetric arc; but this is the content of the main lemma, which concludes the proof.
•
Theorem 2. Let D = (V,E) be an H-coloured digraph, let E = E1⊔E2 be a partition
of its arcs and let Di = (V,Ei), for i = 1, 2. If every cycle contained in D2 is an H-
cycle, then D has a non-empty H-semikernel, modulo E1, which consists of a single
vertex.
Proof. In seek of a contradiction, let us suppose that for every v ∈ V , {v} is not
an H-semikernel, modulo E1. Let v0 ∈ V be any vertex of D. Since {v0} is not an H-
semikernel, mod E1, there exists a v1 ∈ V and a v0v1 H-walk contained in E2 such that
there is no v1v0 H-walk in D; that is, v1 is the witness of v0 not being an H-semikernel
mod E1. Analogously, there is a witness of v1, which we denote by v2, and recursively
we construct vi+1 as the witness of vi. Since D is finite, the sequence v0v1v2 . . . vn
must have a vertex vi which is witness of a vertex vi+k and we have a closed H-walk γ
in E2 consisting of the concatenation of their respective walks. Observe that γ induces
an asymmetric cycle in CH(D2). But, by hypothesis we have that every cycle of D2 is
an H-cycle, which allows us to use the lemma, contradicting the asymmetry of such a
cycle. •
Theorem 3. Let S = S(D) be the H-semikernel digraph of D = (V,E) mod E1 ⊂ E.
If every cycle of D contained in E1 is an H-cycle, then S is acyclic.
Proof. In seek of a contradiction, suppose that S has a cycle γ = {S1, . . . , Sn},
n > 1. First of all, observe that if for all i ∈ [n], and each vertex v ∈ Si we have that
v ∈ Si+1, then γ = {S1}, contradicting that n > 1; therefore, we may suppose that
there exists i ∈ [n] and a vertex v1 ∈ Si such that v 6∈ Si+1. Since there is an arc from
Si to Si+1, then there exists a witness v2 ∈ Si+1 such that there exists a v1v2 H-walk
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in E1 and no H-walk from v2 to any vertex of Si. Now, observe that there must exist
an j = i+k minimum with the property that v2 ∈ Sj and v2 6∈ Sj+1, since otherwise if
v2 is in all Sj it would be in Si which implies the existence of an H-walk from Si to Si
contradicting the H-independence of Si. Therefore, there exists a witness v3 ∈ Sj+1
of the arc SjSj+1. Recursively, we construct the sequence v1v2 . . . vm, m ≤ n, which
is induces an asymmetric cycle in CH(D1), where D1 := (V,E1). Since all cycles in
D1 are H-cycles, by the Lemma all cycles in CH(D1) have a symmetric arc, which is a
contradiction and concludes the proof of the theorem. •
Theorem 4. Let D = (V,E) be an H-coloured digraph, let E = E1⊔E2 be a partition
of its arcs and let Di = (V,Ei), for i = 1, 2. Let us suppose that every cycle in Di, for
i = 1, 2, is an H-cycle. Furthermore, suppose that D is {C3, P3}-rainbow free. If every
H-walk of D is contained in a Di, then D has an H-kernel by walks.
The main idea behind the following proof is to choose a vertex K of S(D) with
exdegree zero; such a vertex exists since, by Theorem 3, S(D) is acyclic. Then, we
prove that K ⊂ V is the desired kernel.
Proof. LetK be a vertex of exdegree zero in S = S(D); in search of a contradiction,
suppose that K ⊂ V is not an H-kernel of D. Since K is a vertex of S, then K is
H-independent (in D). Let X be the set of vertices v ∈ V such that there is no vK H-
walk in D; observe that we are supposing that such an X is not empty. Since D[X ] is a
non empty subdigraph of D, it follows that D[X ] satisfies the hypothesis of Theorem 2,
and therefore there exists a vertex x0 in X such that {x0} is an H-semikernel, mod
E1 ⇂ X , of D[X ]. Let
T := {z ∈ K ⊂ V : 6 ∃ zx0 H−walk in D1}.
We prove now that T ∪ {x0} is a H-semikernel mod E1. For, since T ⊂ K, it
follows that T is H-independent by walks; and clearly {x0} is too. Since x0 ∈ X ,
there are no x0K H-walks, then there are no x0T H-walks; therefore there are no Tx0
H-walks in D2. It follows that T ∪ {x0} is H-independent. We need now to show
the conditional H-absorbence. For, let z 6∈ T ∪ {x0}. Let us suppose that there is a
Tz H-walk in D2 and denote it by α1 = u, . . . , a, z. Since K is a semikernel, there
is an H-walk α2 = z, b, . . . , c, w with w ∈ K; we may suppose that w ∈ K \ T . Let
α3 = w, d, . . . , x0 be an H-walk in D1. The independence of K implies that azb is not
an H-walk, and we may suppose that cwd is not either; but, uzwx0 is a P3-rainbow,
which contradicts the hypothesis. So, we may suppose there is a x0z H-walk in D2;
denote it by α1 = x0, . . . , a, z and suppose that z 6∈ X . It follows that there is an
H-walk α2 = z, b, . . . , c, w, with w ∈ K. We may suppose that x 6∈ T , and then there
is the H-walk α3 = w, d, . . . , x0. Since x0 ∈ X , then azb is not an H-walk, and we may
suppose that bwc is not either; but, x0zwx0 is a C3-rainbow, which contradicts again
our hypothesis. Therefore, T ∪ {x0} is a H-semikernel mod E1 and a vertex of S.
Finally, observe that there is an arc in S from K to T ∪ {x0} since T ⊂ T ∪ {x0}
and for each w ∈ K \ T there is a wx0 H-walk in D1 and there is no x0K H-walk in
D. This contradicts our choice of K, which is of exdegree zero, and ends the proof. •
The previous argument can be generalised as follows:
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Chorolary 5. Let D = (V,E) be an H-coloured digraph, let E = A1 ⊔ A2 ⊔ . . . ⊔ An
be a partition of its arcs and let Di = (V,Ai), for i = 1, 2, . . . , n. Let us suppose that
every cycle in Di, for i = 1, 2, . . . , n, is an H-cycle. Furthermore, suppose that D is
{C3, P3}-rainbow free. If everyH-walk of D is contained in a Di, and C(D) is bipartite,
then D has an H-kernel by walks.
Proof. For, let E = E1 ⊔ E2 be the bipartition of E induced by the bipartition of
C(D) and apply the previous Theorem 4. •
Chorolary 6. Let D = (V,E) be an H-coloured digraph, let E = A1 ⊔ A2 ⊔ . . . ⊔ An
be a partition of its arcs and let Di = (V,Ai), for i = 1, 2, . . . , n. Let us suppose that
every cycle in Di, for i = 1, 2, . . . , n, is an H-cycle. Furthermore, suppose that D is
{C3, P3}-rainbow free. If every H-walk of D is contained in a Di, and C(D) is strongly
connected without odd directed cycles, then D has an H-kernel by walks.
Proof. For, recall that an strongly connected digraph without odd directed cycles
is bipartite, and apply the previous Chorolary 5. •
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